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Discrete Versions of the Beckman-Quarles Theorem
Apoloniusz Tyszka
to appear in Aequationes Mathematicae
Abstract. Let F ⊆ R denote the field of numbers which are constructible
by means of ruler and compass. We prove that: (1) if x, y ∈ Rn (n > 1)
and |x − y| is an algebraic number then there exists a finite set Sxy ⊆ Rn
containing x and y such that each map from Sxy to R
n preserving all unit
distances preserves the distance between x and y; if x, y ∈ Fn then we
can choose Sxy ⊆ Fn, (2) only algebraic distances |x − y| have the prop-
erty from item (1), (3) if X1, X2, ..., Xm ∈ Rn (n > 1) lie on some affine
hyperplane then there exists a finite set L(X1, X2, ..., Xm) ⊆ Rn contain-
ing X1, X2, ..., Xm such that each map from L(X1, X2, ..., Xm) to R
n pre-
serving all unit distances preserves the property that X1, X2, ..., Xm lie on
some affine hyperplane, (4) if J,K, L,M ∈ Rn (n > 1) and |JK| = |LM |
(|JK| < |LM |) then there exists a finite set CJKLM ⊆ Rn containing
J,K, L,M such that any map f : CJKLM → Rn that preserves unit dis-
tance satisfies |f(J)f(K)| = |f(L)f(M)| (|f(J)f(K)| < |f(L)f(M)|).
Let F ⊆ R denote the field of numbers which are constructible by means
of ruler and compass. Theorem 1 may be viewed as a discrete form of the
classical Beckman-Quarles theorem, which states that any map from Rn to
Rn (2 ≤ n < ∞) preserving unit distances is an isometry, see [1], [2] and
[5]. Theorem 1 was proved in [10] in the special case where n = 2 and the
distance |x− y| is constructible by means of ruler and compass.
Theorem 1. If x, y ∈ Rn (n > 1) and |x−y| is an algebraic number then
there exists a finite set Sxy ⊆ Rn containing x and y such that each map
from Sxy to R
n preserving all unit distances preserves the distance between
x and y.
Proof. The proof falls naturally into two sections.
1. Elementary facts
Let us denote by Dn the set of all non-negative numbers d with the
following property:
If x, y ∈ Rn and |x− y| = d then there exists a finite set Sxy ⊆ Rn such
that x, y ∈ Sxy and any map f : Sxy → Rn that preserves unit distance also
preserves the distance between x and y.
Obviously 0, 1 ∈ Dn. We first prove that if d ∈ Dn then
√
2 + 2/n·d ∈ Dn.
Let us assume that d > 0, x, y ∈ Rn, |x − y| =
√
2 + 2/n · d. Using the
notation of Figure 1 we show that
Sxy :=
⋃{Sab : a, b ∈ {x, y, y˜, p1, p2, ..., pn, p˜1, p˜2, ..., p˜n}, |a− b| = d}
satisfies the condition of Theorem 1. Figure 1 shows the case n = 2,
but equations below Figure 1 describe the general case n ≥ 2; z denotes the
centre of the (n− 1)-dimensional regular simplex p1p2...pn.
Figure 1
1 ≤ i < j ≤ n
|y− y˜| = d, |x−pi| = |y−pi| = |pi−pj | = d = |x− p˜i| = |y˜− p˜i| = |p˜i− p˜j |
|x− y˜| = |x− y| = 2 · |x− z| = 2 ·
√
n+1
2n
· d =
√
2 + 2/n · d
2
Let us assume that f : Sxy → Rn preserves the distance 1. Since
Sxy ⊇ Syy˜ ∪
⋃n
i=1 Sxpi ∪
⋃n
i=1 Sypi ∪
⋃
1≤i<j≤n Spipj
we conclude that f preserves the distances between y and y˜, x and pi
(1 ≤ i ≤ n), y and pi (1 ≤ i ≤ n), and all distances between pi and pj
(1 ≤ i < j ≤ n). Hence |f(y) − f(y˜)| = d and |f(x) − f(y)| is either 0 or√
2 + 2/n·d. Analogously we have that |f(x)−f(y˜)| is either 0 or
√
2 + 2/n·d.
Thus f(x) 6= f(y), so |f(x)−f(y)| =
√
2 + 2/n ·d which completes the proof
that
√
2 + 2/n · d ∈ Dn.
Hence, if d ∈ Dn then (2 + 2/n) · d =
√
2 + 2/n · (
√
2 + 2/n · d) ∈ Dn.
We next prove that if x, y ∈ Rn, d ∈ Dn and |x − y| = (2/n) · d then
there exists a finite set Zxy ⊆ Rn containing x and y such that any map
f : Zxy → Rn that preserves unit distance satisfies |f(x) − f(y)| ≤ |x − y|;
this result is adapted from [5]. It is obvious if n = 2, therefore we assume
that n > 2 and d > 0. Let us see at Figure 2 below, z denotes the centre of
the (n − 1)-dimensional regular simplex p1p2...pn. Figure 2 shows the case
n = 3, but equations below Figure 2 describe the general case n ≥ 3.
Figure 2
1 ≤ i < j ≤ n
|x− pi| = |y − pi| = d, |pi − pj| =
√
2 + 2/n · d, |z − pi| =
√
1− 1/n2 · d
|x− y| = 2 · |x− z| = 2 ·
√
|x− pi|2 − |z − pi|2 = 2 ·
√
d2 − (1− 1/n2) · d2 = (2/n) · d
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Let us define:
Zxy :=
⋃
1≤i<j≤n Spipj ∪
⋃n
i=1 Sxpi ∪
⋃n
i=1 Sypi
If f : Zxy → Rn preserves the distance 1 then |f(x)− f(y)| = |x − y| =
(2/n) · d or |f(x)− f(y)| = 0, hence |f(x)− f(y)| ≤ |x− y|.
If d ∈ Dn, then 2 · d ∈ Dn (see Figure 3).
Figure 3
|x− y| = 2 · d
Sxy = Sxs ∪ Ssy ∪ Zyt ∪ Sxt
From Figure 4 it is clear that if d ∈ Dn then all distances k ·d (k a positive
integer) belong to Dn.
Figure 4
|x− y| = k · d
Sxy =
⋃{Sab : a, b ∈ {w0, w1, ..., wk}, |a− b| = d ∨ |a− b| = 2 · d}
From Figure 5 it is clear that if d ∈ Dn, then all distances d/k (k a
positive integer) belong to Dn. Hence Dn ⊇ Q+; here and subsequently Q+
denotes the set of positive rational numbers.
Figure 5
|x− y| = d/k
Sxy = Sx˜y˜ ∪ Sx˜x ∪ Sxz ∪ Sx˜z ∪ Sy˜y ∪ Syz ∪ Sy˜z
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Lemma. If x, y ∈ Rn (n > 1) and ε > 0 then there exists a finite
set Txy(ε) ⊆ Rn containing x and y such that each map f : Txy(ε) → Rn
preserving all unit distances preserves the distance between x and y to within
ε i.e. ||f(x)− f(y)| − |x− y|| ≤ ε.
Proof. It follows from Figure 6.
Figure 6
|x− z|, |z − y| ∈ Q+, |z − y| ≤ ε/2
Txy(ε) = Sxz ∪ Szy
2. Rigid graphs
Let (Rn, 1) denote the graph with vertex set Rn and with two vertices
u, v adjacent if and only if |u − v| = 1. A unit-distance graph in Rn is any
subgraph of (Rn, 1). A graph G in Rn with vertex set X is called rigid if
there exists a δ > 0 such that any g : X → Rn satisfying: |g(x)− x| < δ for
all x ∈ X and |g(x)− g(y)| = |x− y| for all edges xy of G, is an isometry on
X .
H. Maehara proved that for any real algebraic number r > 0 there exists a
finite rigid unit-distance graph G in Rn (n > 1) having two vertices α and
β at distance r, see [7] for n = 2 and [7]-[8] for n > 2. Let us denote by X
the set of vertices of G. Let us fix: δ > 0 from the definition of rigidity and
p1, ..., pn, pn+1 ∈ Rn such that |pi − pj| = 1 for 1 ≤ i < j ≤ n + 1. Since
p1, ..., pn, pn+1 are affinely independent, the following mapping
Rn ∋ y Φ→ (|p1 − y|, ..., |pn − y|, |pn+1 − y|) ∈ Rn+1
is injective, see [3] p.127.
Φ is continuous, X is finite. We can choose ε > 0 such that for all x ∈ X ,
x˜ ∈ Rn
max1≤i≤n+1||pi − x˜| − |pi − x|| ≤ ε implies |x˜− x| < δ.
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We prove that Sαβ :=
⋃
x∈X
⋃n+1
i=1 Tpix(ε) satisfies the condition of the
theorem. Let us assume that f : Sαβ → Rn preserves the distance 1. Hence
f preserves distances between pi and pj for 1 ≤ i < j ≤ n + 1. There is
an isometry I : Rn → Rn such that f(pi) = I(pi) for 1 ≤ i ≤ n + 1. Since
Sαβ ⊇ Tpix(ε) (1 ≤ i ≤ n + 1), f preserves distances between pi and x ∈ X
to within ε. Also I−1 ◦ f preserves distances between pi and x ∈ X to within
ε. Therefore, for all x ∈ X
max1≤i≤n+1||(I−1 ◦ f)(pi)− (I−1 ◦ f)(x)| − |pi − x|| ≤ ε
i.e.
max1≤i≤n+1||pi − (I−1 ◦ f)(x)| − |pi − x|| ≤ ε
Hence, for all x ∈ X |(I−1 ◦ f)(x) − x| < δ. If xy is an edge of G, then
|x− y| = 1. Hence |(I−1 ◦ f)(x)− (I−1 ◦ f)(y)| = 1 = |x− y|. By the rigidity
of G, I−1◦f is an isometry on X . In particular, I−1◦f preserves the distance
between α and β. Hence f preserves the distance between α and β, which
ends the proof.
Remark 1. The lemma from the proof of Theorem 1 implies the classical
Beckman-Quarles theorem.
Let L = (+, ·,≤, 0, 1) denote the language of ordered fields. We say that
X ⊆ Rn is definable using L if there is an L-formula φ(x1, ..., xn) such that
X = {(a1, ..., an) ∈ Rn : φ(a1, ..., an) holds}
Remark 2. Only algebraic distances |x − y| have the property from
Theorem 1. Indeed, if x1, x2 ∈ Rn (n > 1) and Sx1x2 = {x1, x2, ..., xm} then
{|x1 − x2|} ⊆ R is definable using L by the following L-formula ψ(z):
(0 ≤ z) ∧ ∀x11...∀x1n...∀xm1...∀xmn(... ∧ (xi1 − xj1)2 + ... + (xin − xjn)2 = 1 ∧ ...︸ ︷︷ ︸
(i,j)∈{(i,j):1≤i<j≤m,|xi−xj |=1}
⇒ (x11 − x21)2 + ...+ (x1n − x2n)2 = z2)
From this, we deduce that |x1 − x2| is an algebraic number defined by
some quantifier free L-formula equivalent to ψ(z), see [4].
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Remark 3. M. Koshelev proved that Theorem 1 remains valid for ratio-
nal distances in two-dimensional Minkowski space-time, see [6].
Theorem 2. If x, y ∈ Fn (n > 1) then there exists a finite set Sxy ⊆ Fn
containing x and y such that each map from Sxy to R
n preserving all unit
distances preserves the distance between x and y.
Proof. Let us denote by Cn (n > 1) the set of all non-negative con-
structible numbers d with the following property:
If x, y ∈ Fn and |x − y| = d then there exists a finite set Sxy ⊆ Fn such
that x, y ∈ Sxy and any map f : Sxy → Rn that preserves unit distance also
preserves the distance between x and y.
Obviously 0, 1 ∈ Cn. Similarly as in the proof of Theorem 1 we can prove
that:
1)
√
2 + 2/n ∈ Cn,
2) if d ∈ Cn then all distances r · d (r is positive and rational) belong to
Cn, therefore all non-negative rational numbers belong to Cn,
3) if x, y ∈ Fn (n > 1) and ε > 0 then there exists a finite set Txy(ε) ⊆
Fn containing x and y such that each map f : Txy(ε) → Rn preserving
all unit distances preserves the distance between x and y to within ε i.e.
||f(x)− f(y)| − |x− y|| ≤ ε.
If a, b ∈ Cn, a > b > 0 then
√
a2 − b2 ∈ Cn (see Figure 7).
Figure 7
|x− y|=√a2 − b2
Sxy = Ssx ∪ Sxt ∪ Sst ∪ Ssy ∪ Sty
Hence
√
3 · a =
√
(2 · a)2 − a2 ∈ Cn and
√
2 · a =
√
(
√
3 · a)2 − a2 ∈ Cn.
Therefore
√
a2 + b2 =
√
(
√
2 · a)2 − (√a2 − b2)2 ∈ Cn.
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Let us see at Figure 8 below, z denotes the centre of the (n−1)-dimensional
regular simplex p1p2...pn, n = 2. This construction shows that if a, b ∈ Cn,
a > b > 0, n ≥ 2 (consistently, equations below Figure 8 describe the general
case n ≥ 2) then a− b ∈ Cn, hence a + b = 2 · a− (a− b) ∈ Cn.
Figure 8
|x− y| = a− b, |x− z| = a ∈ Cn, |y − z| = b ∈ Cn
|pi − pj | =
√
2 + 2/n ∈ Cn, |z − pi| =
√
12 − (1/n)2 ∈ Cn, 1 ≤ i < j ≤ n
|x− p1| =
√
|x− z|2 + |z − p1|2 = ... = |x− pn| =
√
|x− z|2 + |z − pn|2 ∈ Cn
|y − p1| =
√
|y − z|2 + |z − p1|2 = ... = |y − pn| =
√
|y − z|2 + |z − pn|2 ∈ Cn
Sxy =
⋃
1≤i<j≤n Spipj ∪
⋃n
i=1 Sxpi ∪
⋃n
i=1 Sypi ∪ Txy(b)
In order to prove that Cn\{0} is a multiplicative group it remains to
observe that if positive a, b, c ∈ Cn then a·bc ∈ Cn (see Figure 9).
Figure 9
m is positive and integer
b < 2 ·m · c
SAB = SOA ∪ SOB ∪ SOA˜ ∪ SOB˜ ∪ SAA˜ ∪ SBB˜ ∪ SA˜B˜
8
If a ∈ Cn, a > 1, then
√
a = 1
2
·
√
(a + 1)2 − (a− 1)2 ∈ Cn; if a ∈ Cn,
0 < a < 1, then
√
a = 1/
√
1
a
∈ Cn. Thus Cn contains all non-negative real
numbers contained in the real quadratic closure of Q. This completes the
proof.
Directly from the Lemma (see the proof of Theorem 1) we obtain the fol-
lowing two corollaries, these corollaries and the next elementary proposition
are useful in our next proofs.
Corollary 1. If p 6= q ∈ Rn (n > 1) then any map f : Tpq(|pq|/2)→ Rn
that preserves unit distance satisfies f(p) 6= f(q).
Corollary 2. If J,K, L,M ∈ Rn (n > 1) and |JK| < |LM | then any
map f : TJK(
|LM |−|JK|
3
) ∪ TLM( |LM |−|JK|3 )→ Rn that preserves unit distance
satisfies |f(J)f(K)| < |f(L)f(M)|.
Proposition. If J,K, L,M ∈ Rn (n > 1) and |JK| = |LM | then there
exist A,B ∈ Rn such that:
(1) segments JK and AB are symmetric with respect to some hyperplane
H(JK,AB)
and
(2) segments AB and LM are symmetric with respect to some hyperplane
H(AB,LM).
Proof. Throughout the proof for any two points x ∈ Rn and y ∈ Rn Hxy
stands for the hyperplane which reflects x into y, Hxy is unique if x 6= y.
Let H˜xy : R
n → Rn denote the hyperplane symmetry determined by Hxy.
We put: A := L = H˜JL(J), B := H˜JL(K), H(JK,AB) := HJL. Since
|AB| = |JK| = |LM | = |AM | there exists a hyperplane HBM satisfying
H˜BM(A) = A = L. Therefore, we put H(AB,LM) := HBM , obviously
H˜(AB,LM)(B) =M . This completes the proof.
Theorems 3 and 4 below yield information about unit-distance preserving
mappings on finite subsets of Rn. We present their proofs omitting details.
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Theorem 3. If X1, X2, ..., Xm ∈ Rn (n > 1) lie on some affine hy-
perplane then there exists a finite set L(X1, X2, ..., Xm) ⊆ Rn containing
X1, X2, ..., Xm such that each map from L(X1, X2, ..., Xm) to R
n preserving
all unit distances preserves the property thatX1, X2, ..., Xm lie on some affine
hyperplane. If X1, X2, ..., Xm ∈ Fn then we can choose L(X1, X2, ..., Xm) ⊆
Fn.
Proof. We choose an affine hyperplane G such that X1, X2, ..., Xm ∈ G.
We fix P ∈ G and choose an integer u such that |PXi| ≤ 2 · u for 1 ≤ i ≤ m.
We fix O ∈ Rn such that PO is perpendicular to G and |PO| = 4 · u. Let
us see at Figure 10 below, this drawing shows the case n = 2, but equations
below Figure 10 describe the general case n ≥ 2.
Figure 10
∀i ∈ {1, 2, ..., m}∀j ∈ {1, 2, ..., n}|XiBij | = |AiBij | = 2 · u ∧ |OBij| = 6 · u
|PO| = 4 · u, ∀i ∈ {1, 2, ..., m}|PAi| = 4 · u ∧ |PTi| = |TiXi| = u
Erasing all dashed lines and segments PTi, TiXi, PAi, PO from Figure
10 we obtain the Peaucellier inversor:|OXi| · |OAi| = |OCi| · |ODi| = (6 · u−
2 · u) · (6 · u + 2 · u) = (6 · u)2 − (2 · u)2 (see [9] in the case n = 2). Always:
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|PXi| ≤ 2 · u < |PAi|. Therefore, if all edge-lengths (continuous segments)
are preserved and if all relations Bik 6= Bil (1 ≤ k < l ≤ n) are preserved
then PXi is perpendicular to PO. From this, we conclude that
Li := SPO ∪ SPTi ∪ STiXi ∪ SPAi ∪ (
⋃n
j=1 SXiBij ∪ SAiBij ∪ SOBij)∪⋃{TBikBil(|BikBil|/2) : 1 ≤ k < l ≤ n}
is adequate for preserving the property that PXi is perpendicular to PO.
Hence L(X1, X2, ..., Xm) :=
⋃m
i=1 Li satisfies the condition of the theorem.
This completes the proof for Rn. The proof for Fn is similar.
Theorem 4 (cf. Corollary 2). If J,K, L,M ∈ Rn (n > 1) and |JK| =
|LM | then there exists a finite set CJKLM ⊆ Rn containing J,K, L,M
such that any map f : CJKLM → Rn that preserves unit distance sat-
isfies |f(J)f(K)| = |f(L)f(M)|. If J,K, L,M ∈ Fn then we can choose
CJKLM ⊆ Fn.
Proof. Let us observe that if J,K,A,B, L,M ∈ Rn (n > 1) and |JK| =
|AB| = |LM | then CJKLM := CJKAB ∪ CABLM satisfies the condition of
Theorem 4. By Proposition it is sufficient to prove Theorem 4 in the case
where two segments of equal lengths are symmetric with respect to some
hyperplane H .
Let us see at figures below, drawings show the case n = 2, but equations
below figures describe the general case n ≥ 2.
Figure 11a
s, t are positive and integer
∀j ∈ {1, 2, ..., n}|XjJ | = |XjL| = s ∧ |YjK| = |YjM | = t
|JK| = |LM | < |JM | = |LK| δ := |JM |−|JK|
3
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Figure 11b
s, t are positive and integer
∀j ∈ {1, 2, ..., n}|XjJ | = |XjL| = s ∧ |YjK| = |YjM | = t
|JK| = |LM | > |JM | = |LK| δ := |JK|−|JM |
3
If all edge-lengths (continuous segments) are preserved and if all relations:
J 6= L,Xk 6= Xl,K 6= M ,Yk 6= Yl (1 ≤ k < l ≤ n) are preserved then images
of J and L are symmetric and images of K and M are symmetric. Hence:
CJKLM := L(X1, X2, ..., Xn, Y1, Y2, ..., Yn)∪(⋃nj=1 SXjJ∪SXjL)∪TJL(|JL|/2)∪⋃{TXkXl(|XkXl|/2) : 1 ≤ k < l ≤ n}∪ (⋃nj=1 SYjK ∪SYjM)∪TKM (|KM |/2)∪⋃{TYkYl(|YkYl|/2) : 1 ≤ k < l ≤ n} ∪ TJK(δ) ∪ TLM(δ) ∪ TJM(δ) ∪ TLK(δ)
satisfies the condition of the theorem.
Separate formulas for CJKLM are necessary if J = L or K =M . If J = L
and K = M then CJKLM := {J,K}, if J 6= L and K = M then we see at
Figure 11c, Figure 11c shows the case n = 2, but equations below Figure 11c
describe the general case n ≥ 2.
Figure 11c
s is positive and integer, ∀j ∈ {1, 2, ..., n}|XjJ | = |XjL| = s
CJKLM = L(X1, X2, ..., Xn, K) ∪ (⋃nj=1 SXjJ ∪ SXjL) ∪ TJL(|JL|/2)∪⋃{TXkXl(|XkXl|/2) : 1 ≤ k < l ≤ n}
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Symmetric construction applies to the case: J = L and K 6= M . All cases
are explained and the proof for Rn is complete. The proof for Fn is similar.
Conjecture. Let us assume that X ⊆ Rn × ...×Rn︸ ︷︷ ︸
m−times
∼= Rmn (n >
1, m ≥ 1) is definable using L and the relation X is preserved under isome-
tries of Rn. We suppose that if (x1, ..., xm) ∈ X then there exists a fi-
nite set P (x1, ..., xm) ⊆ Rn containing x1, ..., xm such that any map f :
P (x1, ..., xm)→ Rn that preserves unit distance satisfies (f(x1), ..., f(xm)) ∈
X .
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Discrete versions of the Beckman-Quarles theorem
Apoloniusz Tyszka
to appear in Aequationes Mathematicae
Abstract. Let F  R denote the eld of numbers which are constructible
by means of ruler and compass. We prove that: (1) if x; y 2 R
n
(n > 1)
and jx   yj is an algebraic number then there exists a nite set S
xy
 R
n
containing x and y such that each map from S
xy
to R
n
preserving all unit
distances preserves the distance between x and y; if x; y 2 F
n
then we
can choose S
xy
 F
n
, (2) only algebraic distances jx   yj have the prop-
erty from item (1), (3) if X
1
;X
2
; :::;X
m
2 R
n
(n > 1) lie on some ane
hyperplane then there exists a nite set L(X
1
;X
2
; :::;X
m
)  R
n
contain-
ing X
1
;X
2
; :::;X
m
such that each map from L(X
1
;X
2
; :::;X
m
) to R
n
pre-
serving all unit distances preserves the property that X
1
;X
2
; :::;X
m
lie on
some ane hyperplane, (4) if J;K;L;M 2 R
n
(n > 1) and jJKj = jLM j
(jJKj < jLM j) then there exists a nite set C
JKLM
 R
n
containing
J;K;L;M such that any map f : C
JKLM
! R
n
that preserves unit dis-
tance satises jf(J)f(K)j = jf(L)f(M)j (jf(J)f(K)j < jf(L)f(M)j).
Let F  R denote the eld of numbers which are constructible by means
of ruler and compass. Theorem 1 may be viewed as a discrete form of the
classical Beckman-Quarles theorem, which states that any map from R
n
to
R
n
(2  n < 1) preserving unit distances is an isometry, see [1], [2] and
[5]. Theorem 1 was proved in [10] in the special case where n = 2 and the
distance jx  yj is constructible by means of ruler and compass.
Theorem 1. If x; y 2 R
n
(n > 1) and jx yj is an algebraic number then
there exists a nite set S
xy
 R
n
containing x and y such that each map
from S
xy
to R
n
preserving all unit distances preserves the distance between
x and y.
Proof. The proof falls naturally into two sections.
1. Elementary facts
Let us denote by D
n
the set of all non-negative numbers d with the
following property:
If x; y 2 R
n
and jx  yj = d then there exists a nite set S
xy
 R
n
such
that x; y 2 S
xy
and any map f : S
xy
! R
n
that preserves unit distance also
preserves the distance between x and y.
Obviously 0; 1 2 D
n
. We rst prove that if d 2 D
n
then
q
2 + 2=nd 2 D
n
.
Let us assume that d > 0, x; y 2 R
n
, jx   yj =
q
2 + 2=n  d. Using the
notation of Figure 1 we show that
S
xy
:=
S
fS
ab
: a; b 2 fx; y;
e
y; p
1
; p
2
; :::; p
n
;
e
p
1
;
e
p
2
; :::;
e
p
n
g; ja  bj = dg
satises the condition of Theorem 1. Figure 1 shows the case n = 2,
but equations below Figure 1 describe the general case n  2; z denotes the
centre of the (n   1)-dimensional regular simplex p
1
p
2
:::p
n
.
 


Figure 1
1  i < j  n
jy 
e
yj = d, jx  p
i
j = jy   p
i
j = jp
i
  p
j
j = d = jx 
e
p
i
j = j
e
y 
e
p
i
j = j
e
p
i
 
e
p
j
j
jx 
e
yj = jx  yj = 2  jx  zj = 2 
q
n+1
2n
 d =
q
2 + 2=n  d
2
Let us assume that f : S
xy
! R
n
preserves the distance 1. Since
S
xy
 S
yey
[
S
n
i=1
S
xp
i
[
S
n
i=1
S
yp
i
[
S
1i<jn
S
p
i
p
j
we conclude that f preserves the distances between y and
e
y, x and p
i
(1  i  n), y and p
i
(1  i  n), and all distances between p
i
and p
j
(1  i < j  n). Hence jf(y)   f(
e
y)j = d and jf(x)   f(y)j is either 0 or
q
2 + 2=nd. Analogously we have that jf(x) f(
e
y)j is either 0 or
q
2 + 2=nd.
Thus f(x) 6= f(y), so jf(x) f(y)j =
q
2 + 2=n d which completes the proof
that
q
2 + 2=n  d 2 D
n
.
Hence, if d 2 D
n
then (2 + 2=n)  d =
q
2 + 2=n  (
q
2 + 2=n  d) 2 D
n
.
We next prove that if x; y 2 R
n
, d 2 D
n
and jx   yj = (2=n)  d then
there exists a nite set Z
xy
 R
n
containing x and y such that any map
f : Z
xy
! R
n
that preserves unit distance satises jf(x)   f(y)j  jx   yj;
this result is adapted from [5]. It is obvious if n = 2, therefore we assume
that n > 2 and d > 0. Let us see at Figure 2 below, z denotes the centre of
the (n   1)-dimensional regular simplex p
1
p
2
:::p
n
. Figure 2 shows the case
n = 3, but equations below Figure 2 describe the general case n  3.
 
	


Figure 2
1  i < j  n
jx  p
i
j = jy   p
i
j = d; jp
i
  p
j
j =
q
2 + 2=n  d; jz   p
i
j =
q
1  1=n
2
 d
jx  yj = 2  jx  zj = 2 
q
jx  p
i
j
2
  jz   p
i
j
2
= 2 
q
d
2
  (1  1=n
2
)  d
2
= (2=n)  d
3
Let us dene:
Z
xy
:=
S
1i<jn
S
p
i
p
j
[
S
n
i=1
S
xp
i
[
S
n
i=1
S
yp
i
If f : Z
xy
! R
n
preserves the distance 1 then jf(x)   f(y)j = jx  yj =
(2=n)  d or jf(x)  f(y)j = 0, hence jf(x)  f(y)j  jx  yj.
If d 2 D
n
, then 2  d 2 D
n
(see Figure 3).
 
Figure 3
jx  yj = 2  d
S
xy
= S
xs
[ S
sy
[ Z
yt
[ S
xt
From Figure 4 it is clear that if d 2 D
n
then all distances k d (k a positive
integer) belong to D
n
.
 
Figure 4
jx  yj = k  d
S
xy
=
S
fS
ab
: a; b 2 fw
0
; w
1
; :::; w
k
g; ja  bj = d _ ja  bj = 2  dg
From Figure 5 it is clear that if d 2 D
n
, then all distances d=k (k a
positive integer) belong to D
n
. Hence D
n
 Q
+
; here and subsequently Q
+
denotes the set of positive rational numbers.
 

Figure 5
jx  yj = d=k
S
xy
= S
exey
[ S
exx
[ S
xz
[ S
exz
[ S
eyy
[ S
yz
[ S
eyz
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Lemma. If x; y 2 R
n
(n > 1) and " > 0 then there exists a nite set
T
xy
(")  R
n
containing x and y such that each map f : T
xy
(") ! R
n
pre-
serving all unit distances preserves the distance between x and y to within "
i.e. jjf(x)  f(y)j   jx  yjj  ".
Proof. It follows from Figure 6.
 
Figure 6
jx  zj; jz   yj 2 Q
+
, jz   yj  "=2
T
xy
(") = S
xz
[ S
zy
2. Rigid graphs
Let (R
n
; 1) denote the graph with vertex set R
n
and with two vertices
u; v adjacent if and only if ju   vj = 1. A unit-distance graph in R
n
is any
subgraph of (R
n
; 1). A graph G in R
n
with vertex set X is called rigid if
there exists a  > 0 such that any g : X ! R
n
satisfying: jg(x)  xj <  for
all x 2 X and jg(x)  g(y)j = jx  yj for all edges xy of G, is an isometry on
X.
H. Maehara proved that for any real algebraic number r > 0 there exists a
nite rigid unit-distance graph G in R
n
(n > 1) having two vertices  and
 at distance r, see [7] for n = 2 and [7]-[8] for n > 2. Let us denote by X
the set of vertices of G. Let us x:  > 0 from the denition of rigidity and
p
1
; :::; p
n
; p
n+1
2 R
n
such that jp
i
  p
j
j = 1 for 1  i < j  n + 1. Since
p
1
; :::; p
n
; p
n+1
are anely independent, the following mapping
R
n
3 y

! (jp
1
  yj; :::; jp
n
  yj; jp
n+1
  yj) 2 R
n+1
is injective, see [3] p.127.
 is continuous, X is nite. We can choose " > 0 such that for all x 2 X,
e
x 2 R
n
max
1in+1
jjp
i
 
e
xj   jp
i
  xjj  " implies j
e
x  xj < .
5
We prove that S

:=
S
x2X
S
n+1
i=1
T
p
i
x
(") satises the condition of the
theorem. Let us assume that f : S

! R
n
preserves the distance 1. Hence
f preserves distances between p
i
and p
j
for 1  i < j  n + 1. There is
an isometry I : R
n
! R
n
such that f(p
i
) = I(p
i
) for 1  i  n + 1. Since
S

 T
p
i
x
(") (1  i  n + 1), f preserves distances between p
i
and x 2 X
to within ". Also I
 1
 f preserves distances between p
i
and x 2 X to within
". Therefore, for all x 2 X
max
1in+1
jj(I
 1
 f)(p
i
)  (I
 1
 f)(x)j   jp
i
  xjj  "
i.e.
max
1in+1
jjp
i
  (I
 1
 f)(x)j   jp
i
  xjj  "
Hence, for all x 2 X j(I
 1
 f)(x)   xj < . If xy is an edge of G, then
jx  yj = 1. Hence j(I
 1
 f)(x)  (I
 1
 f)(y)j = 1 = jx  yj. By the rigidity
of G, I
 1
f is an isometry on X. In particular, I
 1
f preserves the distance
between  and . Hence f preserves the distance between  and , which
ends the proof.
Remark 1. The lemma from the proof of Theorem 1 implies the classical
Beckman-Quarles theorem.
Let L = (+; ;; 0; 1) denote the language of ordered elds. We say that
X  R
n
is denable using L if there is an L-formula (x
1
; :::; x
n
) such that
X = f(a
1
; :::; a
n
) 2 R
n
: (a
1
; :::; a
n
) holdsg
Remark 2. Only algebraic distances jx   yj have the property from
Theorem 1. Indeed, if x
1
; x
2
2 R
n
(n > 1) and S
x
1
x
2
= fx
1
; x
2
; :::; x
m
g then
fjx
1
  x
2
jg  R is denable using L by the following L-formula  (z):
(0  z) ^ 8x
11
:::8x
1n
:::8x
m1
:::8x
mn
(::: ^ (x
i1
  x
j1
)
2
+ :::+ (x
in
  x
jn
)
2
= 1 ^ :::
| {z }
(i;j)2f(i;j):1i<jm;jx
i
 x
j
j=1g
) (x
11
  x
21
)
2
+ :::+ (x
1n
  x
2n
)
2
= z
2
)
From this, we deduce that jx
1
  x
2
j is an algebraic number dened by
some quantier free L-formula equivalent to  (z), see [4].
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Remark 3. M. Koshelev proved that Theorem 1 remains valid for ratio-
nal distances in two-dimensional Minkowski space-time, see [6].
Theorem 2. If x; y 2 F
n
(n > 1) then there exists a nite set S
xy
 F
n
containing x and y such that each map from S
xy
to R
n
preserving all unit
distances preserves the distance between x and y.
Proof. Let us denote by C
n
(n > 1) the set of all non-negative con-
structible numbers d with the following property:
If x; y 2 F
n
and jx  yj = d then there exists a nite set S
xy
 F
n
such
that x; y 2 S
xy
and any map f : S
xy
! R
n
that preserves unit distance also
preserves the distance between x and y.
Obviously 0; 1 2 C
n
. Similarly as in the proof of Theorem 1 we can prove
that:
1)
q
2 + 2=n 2 C
n
,
2) if d 2 C
n
then all distances r  d (r is positive and rational) belong to
C
n
, therefore all non-negative rational numbers belong to C
n
,
3) if x; y 2 F
n
(n > 1) and " > 0 then there exists a nite set T
xy
(") 
F
n
containing x and y such that each map f : T
xy
(") ! R
n
preserving
all unit distances preserves the distance between x and y to within " i.e.
jjf(x)  f(y)j   jx  yjj  ".
If a; b 2 C
n
, a > b > 0 then
p
a
2
  b
2
2 C
n
(see Figure 7).
 
Figure 7
jx  yj=
p
a
2
  b
2
S
xy
= S
sx
[ S
xt
[ S
st
[ S
sy
[ S
ty
Hence
p
3  a =
q
(2  a)
2
  a
2
2 C
n
and
p
2  a =
q
(
p
3  a)
2
  a
2
2 C
n
.
Therefore
p
a
2
+ b
2
=
q
(
p
2  a)
2
  (
p
a
2
  b
2
)
2
2 C
n
.
7
Let us see at Figure 8 below, z denotes the centre of the (n 1)-dimensional
regular simplex p
1
p
2
:::p
n
, n = 2. This construction shows that if a; b 2 C
n
,
a > b > 0, n  2 (consistently, equations below Figure 8 describe the general
case n  2) then a  b 2 C
n
, hence a+ b = 2  a  (a  b) 2 C
n
.
 

Figure 8
jx  yj = a  b; jx  zj = a 2 C
n
; jy   zj = b 2 C
n
jp
i
  p
j
j =
q
2 + 2=n 2 C
n
; jz   p
i
j =
q
1
2
  (1=n)
2
2 C
n
; 1  i < j  n
jx  p
1
j =
q
jx  zj
2
+ jz   p
1
j
2
= ::: = jx  p
n
j =
q
jx  zj
2
+ jz   p
n
j
2
2 C
n
jy   p
1
j =
q
jy   zj
2
+ jz   p
1
j
2
= ::: = jy   p
n
j =
q
jy   zj
2
+ jz   p
n
j
2
2 C
n
S
xy
=
S
1i<jn
S
p
i
p
j
[
S
n
i=1
S
xp
i
[
S
n
i=1
S
yp
i
[ T
xy
(b)
In order to prove that C
n
nf0g is a multiplicative group it remains to ob-
serve that if positive a; b; c 2 C
n
then
ab
c
2 C
n
(see Figure 9).
 

Figure 9
m is positive and integer
b < 2 m  c
S
AB
= S
OA
[ S
OB
[ S
O
e
A
[ S
O
e
B
[ S
A
e
A
[ S
B
e
B
[ S
e
A
e
B
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If a 2 C
n
, a > 1, then
p
a =
1
2

q
(a+ 1)
2
  (a  1)
2
2 C
n
; if a 2 C
n
,
0 < a < 1, then
p
a = 1=
q
1
a
2 C
n
. Thus C
n
contains all non-negative real
numbers contained in the real quadratic closure of Q. This completes the
proof.
Directly from the Lemma (see the proof of Theorem 1) we obtain the fol-
lowing two corollaries, these corollaries and the next elementary proposition
are useful in our next proofs.
Corollary 1. If p 6= q 2 R
n
(n > 1) then any map f : T
pq
(jpqj=2)! R
n
that preserves unit distance satises f(p) 6= f(q).
Corollary 2. If J;K;L;M 2 R
n
(n > 1) and jJKj < jLM j then any
map f : T
JK
(
jLM j jJKj
3
) [ T
LM
(
jLM j jJKj
3
)! R
n
that preserves unit distance
satises jf(J)f(K)j < jf(L)f(M)j.
Proposition. If J;K;L;M 2 R
n
(n > 1) and jJKj = jLM j then there
exist A;B 2 R
n
such that:
(1) segments JK and AB are symmetric with respect to some hyperplane
H(JK;AB)
and
(2) segments AB and LM are symmetric with respect to some hyperplane
H(AB;LM).
Proof. Throughout the proof for any two points x 2 R
n
and y 2 R
n
H
xy
stands for the hyperplane which reects x into y, H
xy
is unique if x 6= y.
Let
f
H
xy
: R
n
! R
n
denote the hyperplane symmetry determined by H
xy
.
We put: A := L =
f
H
JL
(J), B :=
f
H
JL
(K), H(JK;AB) := H
JL
. Since
jABj = jJKj = jLM j = jAM j there exists a hyperplane H
BM
satisfying
f
H
BM
(A) = A = L. Therefore, we put H(AB;LM) := H
BM
, obviously
f
H(AB;LM)(B) = M . This completes the proof.
Theorems 3 and 4 below yield information about unit-distance preserving
mappings on nite subsets of R
n
. We present their proofs omitting details.
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Theorem 3. If X
1
;X
2
; :::;X
m
2 R
n
(n > 1) lie on some ane hy-
perplane then there exists a nite set L(X
1
;X
2
; :::;X
m
)  R
n
containing
X
1
;X
2
; :::;X
m
such that each map from L(X
1
;X
2
; :::;X
m
) to R
n
preserving
all unit distances preserves the property that X
1
;X
2
; :::;X
m
lie on some ane
hyperplane. If X
1
;X
2
; :::;X
m
2 F
n
then we can choose L(X
1
;X
2
; :::;X
m
) 
F
n
.
Proof. We choose an ane hyperplane G such that X
1
;X
2
; :::;X
m
2 G.
We x P 2 G and choose an integer u such that jPX
i
j  2 u for 1  i  m.
We x O 2 R
n
such that PO is perpendicular to G and jPOj = 4  u. Let
us see at Figure 10 below, this drawing shows the case n = 2, but equations
below Figure 10 describe the general case n  2.
 
	



Figure 10
8i 2 f1; 2; :::;mg8j 2 f1; 2; :::; ngjX
i
B
ij
j = jA
i
B
ij
j = 2  u ^ jOB
ij
j = 6  u
jPOj = 4  u, 8i 2 f1; 2; :::;mgjPA
i
j = 4  u ^ jPT
i
j = jT
i
X
i
j = u
Erasing all dashed lines and segments PT
i
, T
i
X
i
, PA
i
, PO from Figure
10 we obtain the Peaucellier inversor:jOX
i
j  jOA
i
j = jOC
i
j  jOD
i
j = (6  u 
2  u)  (6  u + 2  u) = (6  u)
2
  (2  u)
2
(see [9] in the case n = 2). Always:
jPX
i
j  2  u < jPA
i
j. Therefore, if all edge-lengths (continuous segments)
10
are preserved and if all relations B
ik
6= B
il
(1  k < l  n) are preserved
then PX
i
is perpendicular to PO. From this, we conclude that
L
i
:= S
PO
[ S
PT
i
[ S
T
i
X
i
[ S
PA
i
[ (
S
n
j=1
S
X
i
B
ij
[ S
A
i
B
ij
[ S
OB
ij
)[
S
fT
B
ik
B
il
(jB
ik
B
il
j=2) : 1  k < l  ng
is adequate for preserving the property that PX
i
is perpendicular to PO.
Hence L(X
1
;X
2
; :::;X
m
) :=
S
m
i=1
L
i
satises the condition of the theorem.
This completes the proof for R
n
. The proof for F
n
is similar.
Theorem 4 (cf. Corollary 2). If J;K;L;M 2 R
n
(n > 1) and jJKj =
jLM j then there exists a nite set C
JKLM
 R
n
containing J;K;L;M
such that any map f : C
JKLM
! R
n
that preserves unit distance sat-
ises jf(J)f(K)j = jf(L)f(M)j. If J;K;L;M 2 F
n
then we can choose
C
JKLM
 F
n
.
Proof. Let us observe that if J;K;A;B;L;M 2 R
n
(n > 1) and jJKj =
jABj = jLM j then C
JKLM
:= C
JKAB
[ C
ABLM
satises the condition of
Theorem 4. By Proposition it is sucient to prove Theorem 4 in the case
where two segments of equal lengths are symmetric with respect to some
hyperplane H.
Let us see at gures below, drawings show the case n = 2, but equations
below gures describe the general case n  2.
 

	

Figure 11a
s; t are positive and integer
8j 2 f1; 2; :::; ngjX
j
J j = jX
j
Lj = s ^ jY
j
Kj = jY
j
M j = t
jJKj = jLM j < jJM j = jLKj  :=
jJM j jJKj
3
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 

	

Figure 11b
s; t are positive and integer
8j 2 f1; 2; :::; ngjX
j
J j = jX
j
Lj = s ^ jY
j
Kj = jY
j
M j = t
jJKj = jLM j > jJM j = jLKj  :=
jJKj jJM j
3
If all edge-lengths (continuous segments) are preserved and if all relations:
J 6= L,X
k
6= X
l
,K 6= M ,Y
k
6= Y
l
(1  k < l  n) are preserved then images
of J and L are symmetric and images of K and M are symmetric. Hence:
C
JKLM
:= L(X
1
;X
2
; :::;X
n
; Y
1
; Y
2
; :::; Y
n
)[(
S
n
j=1
S
X
j
J
[S
X
j
L
)[T
JL
(jJLj=2)[
S
fT
X
k
X
l
(jX
k
X
l
j=2) : 1  k < l  ng[ (
S
n
j=1
S
Y
j
K
[S
Y
j
M
)[T
KM
(jKM j=2)[
S
fT
Y
k
Y
l
(jY
k
Y
l
j=2) : 1  k < l  ng [ T
JK
() [ T
LM
() [ T
JM
() [ T
LK
()
satises the condition of the theorem.
Separate formulas for C
JKLM
are necessary if J = L or K = M . If J = L
and K = M then C
JKLM
:= fJ;Kg, if J 6= L and K = M then we see at
Figure 11c, Figure 11c shows the case n = 2, but equations below Figure 11c
describe the general case n  2.
 
Figure 11c
s is positive and integer, 8j 2 f1; 2; :::; ngjX
j
J j = jX
j
Lj = s
C
JKLM
= L(X
1
;X
2
; :::;X
n
;K) [ (
S
n
j=1
S
X
j
J
[ S
X
j
L
) [ T
JL
(jJLj=2)[
S
fT
X
k
X
l
(jX
k
X
l
j=2) : 1  k < l  ng
Symmetric construction applies to the case: J = L and K 6= M . All cases
are explained and the proof for R
n
is complete. The proof for F
n
is similar.
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Conjecture. Let us assume that X  R
n
 :::R
n
| {z }
m times

=
R
mn
(n >
1;m  1) is denable using L and the relation X is preserved under isome-
tries of R
n
. We suppose that if (x
1
; :::; x
m
) 2 X then there exists a -
nite set P (x
1
; :::; x
m
)  R
n
containing x
1
; :::; x
m
such that any map f :
P (x
1
; :::; x
m
)! R
n
that preserves unit distance satises (f(x
1
); :::; f(x
m
)) 2
X.
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